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DUALITY ON THE (CO) CHAIN TYPE LEVELS 

KATSUHIKO KURIBAYASHI 



Abstract. We establish equalities between cochain and chain type levels of 
maps by making use of exact functors which connect certain derived and 
coderived categories. This shows that the two types of levels are related by a 
sort of Eckmann-Hilton duality. We also discuss a variant of Koszul duality 
for a differential graded algebra. 

1. Introduction 

In [2], Avramov, Buchweitz, Iyengar and Miller introduced numerical invariants 
of objects in triangulated categories, called the levels. With the notion, the cochain 
and chain type levels of maps were defined and studied in [3T] and [H] . The cochain 
type level of a map a : Y ^ X provides a lower bound on the number of spherical 
fibrations which describe a factorization of a in a relevant sense; see [211 Proposition 
2.11]. On the other hand, the chain type level of the identity map on a space Y gives 
an upper bound of the L.-S. category of Y in rational case; see [22l Corollary 2.9]. 
The L.-S. category is also considered a homotopy invariant counting the number 
of cofibrations which construct a given space. Therefore it is natural to anticipate 
that the levels of maps inherit duality between fibrations and cofibrations, namely 
Eckmann-Hilton duality. For example, we expect that (co) chain type levels fit into 
an equality, which we may call duality on the levels. 

The aim of this article is to establish such an equality between these two kinds 
of levels. One of the highlights in getting the result is that we make use of a variant 
of Koszul duality for differential graded algebras which consists of exact functors 
between certain derived and coderived categories; see [Tl] and [TH] for the duality. 

To describe duality on the (co)chain type levels, we recall from [21 Section 2] 
the definition of the level of an object in a triangulated category T. We say that a 
subcategory of T is strict if it is closed under isomorphisms in T. 

For a given object C in T, we define the 0th thickening by thick!y-(C) = {0} and 
thicki^(C) to be the smallest strict full subcategory which contains C and is closed 
under taking finite coproducts, retracts and all shifts. Moreover for n > I define 
inductively the nth thickening thick^(C) by the smallest strict full subcategory of 
T which is closed under retracts and contains objects M admitting a distinguished 
triangle 

Ml ^ M M2 SMi 

in T for which Mi and AI2 are in thick^""^(C) and thick^(C), respectively. A 
triangulated subcategory C of 7" is said to be thick if it is closed under taking 
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retracts. Then the thickenings provide a filtration of the smallest thick subcategory 
thick7-(C) of T containing the object C: 

{0} = thick!^ (C) C • • ■ C thick^(C) C • • • C U„>othick^(C) = thickr(C). 

For an object M in 7", we define a numerical invariant level^(M), which is called 
the C -level of M, by 

level^(M) := inf{n e N \M e thick^(C)}. 

It turns out that the C-level of an object M in 7" counts the number of steps 
required to build M out of the object C via triangles. 

Certainly, the level is closely related to the notion of dimension of a triangulated 
category T introduced by Rouquire [17] ; see also [5] . Indeed the dimension dim T 
is defined by 

diniT ini{d e N |thick^+i(C) T for some object C in T}. 

However, the dimension gives an global invariant of triangulated categories while 
the level captures properties of individual objects; see Remarl Jl . 31 below. For more 
details and general features of the level, we refer the reader to ^ Sections 2 and 3] . 

Let i? be a DG (that is, differential graded) algebra over a field K. Let D(i?) de- 
note the derived category of DG right i?-modules. Observe that the category D(i?) 
comes equipped with the structure of a triangulated category [T^, in particular 
with shift functor S defined by (EM)" = M"+i. 

We here recall from [21] and [22] two numerical topological invariants defined by 
the level in the triangulated category D{R) for which R is the singular (co) chain 
complex of a space with coefficients in a field K. Unless otherwise explicitly stated, 
we assume that a space has the homotopy type of a connected CW complex whose 
cohomology with coefficients in the underlying field is locally finite. 

Let -B be a space and TOVb the category of maps with the target B: that is, 
an object of TOVb is a map f : X B and a morphism form f : X ^ B io 
g : X ^ B is a map a : X ^ Y which satisfies the condition that / — go a. For any 
object f : X ^ B, the normalized singular cochain C*(X;K) of the source space 
X of / is regarded as a DG right module over the cochain algebra C*{B; K) via the 
induced map C*(/) : C*{B;K) C*{X;K). Thus the cochain functor gives rise 
to a contravariant functor from the category TOVb to the triangulated category 
D(C*(B;K)): 

C*{s{-)-K) : TOVb ^ D(C*(B; K)), 
where s(/) denotes the source of an object / in TOVb- 

Definition 1.1. Let / be an object of TOVb- The cochain type level of the 
map / is defined by the C*(i3; K)-level of the DG module C*(s(/);K), namely 

levelD%l'JS))(G*(^(/);IK)). 

Let Ff be the homotopy fibre of a map f : X ^ B. The Moore loop space ^B 
acts on the space Fj by the holonomy action. Thus the normalized chain complex 
C*(F/;K) is a DG module over the chain algebra C*(f2i?;K). The normalized 
singular chain and the homotopy fibre construction enable us to obtain a covariant 
functor 

C,{F(_)-K) : TOVb -^^{C,{nB-K)) 
from the category TOVb to the triangulated category D(C*(r2i?; K)). 
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Definition 1.2. Let / be an object of TOVb- The chain type level of the 
map / is defined by the C*(rii3; K)-level of the DG module C*(i^/;K), namely 

levelD^c!(nSL) ) (<^* (^/ ; K) ) . 

More generally, we call the levels of objects in D(C*(riB; K)) and in T){C*[B; K)) 
the chain type levels and the cochain type levels, respectively. In what follows, the 
coefficients in the singular (co) chain complex and their homology are often omitted 
if the context makes them clear. 

Remark 1.3. Let T'^ be the full subcategory of the triangulated category T — D(A) 
consisting of compact objects, where A = C*(S"^;K). The result [28l Proposition 
6.6] implies that for any z £ N, there exists an indecomposable object Zi in T'^ such 
that level^Zi = level^cZi = i + 1. On the other hand, dim 7"^ = cx). In fact, if 
dimT^ = / < CXI, then there is an object C in T'^ such that — thick!p:^(C). 
This yields that level^cAf < Z + 1 for any object M G T'^. Since C is compact, it 
follows from ^ Theorem 5.3] that level^fC N for some N. Then a triangular 
inequality (Lemma 13. 1|) implies that 

level:^M < levelf C • level^M < A^(dimr'= + 1) 

for any Af in 7"'^. As mentioned above, we have an indecomposable object Z in 7"*^ 
with level^Z > N{dimT'' + 1), which is a contradiction. 

Our main theorem reveals a remarkable relationship between the (co)chain type 
levels. 

Theorem 1.4. Let B be a simply- connected space and f : X ^ B an object in 
TOVb- Then one has (in) equalities 

(1) dimH4X;K) > \eve\^;}jll^l^^{C4Ff)) = \cve\^f^C'iB)){C* {X)) and 

(2) dimH*{Fj;K) > leve\^;^J,%^^{C* {X)) = \eve\^^c,inB)){C.{Ff))- 

The equalities in Theorem 11.41 can be regarded as duality on the (co)chain type 
levels. Indeed, as mentioned above, the theorem follows from a more precise corre- 
spondence between the triangulated categories D(C*(fli3)) and D(C*(B)), which is 
a variant of Koszul duality for DG algebras; see Theorem 12.31 It is also important 
to remark that, in order to deduce (1) and (2) in Theorem ll.4[ we do not use any 
equivalence between D(C»(f2_B)) and D{C* (B)). To obtain the equalities, we just 
need exact functors between the triangulated categories which are compatible with 
the covariant functor C,(f(„)) and the contravariant functor C*(s(— )). 

Theorem 11.41 and a triangular inequality on the levels (Lemma 13. ip allows us to 
compare the (co)chain type levels of spaces. 



Proposition 1.5. Under the same assumption as in Theorem \1.4\ one has inequal- 
ities 

^^^^^B%^?inl))iC*{Ff)) < levelj,^^(^^],))(K).levelj,'^;i^],))(C*(X 

C'{B) 



< dim {B; K) ■ levelj^^^l ^^^^ (C* (X)) ana 

XCHB))iC*{X)) < levelj,^;i^]j))(K).levelj3^^,(^^]j))(a(F^ 

< dim H*inB; K) • level^J^'^^^i)) {C.{Ff)). 
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As a corollary of Theorem 11.41 '^e have criteria for the levels of spaces to be 
finite. Let M be an object of the triangulated category D(i?) of DG-niodules over 
a DG algebra R. Then it is immediate that dim iJ(M) < oo if level^jT^jM < co. 
Thus we have 

Corollary 1.6. Let f : X ^ B be a map with B simply- connected. 

(1) levelj^^''^^^^-| (C* (F/)) is finite if and only if so is dimi/*(X;K). 

(2) levelj-|^p,^^j^(C*(X)) is finite if and only if so is dimH*[Ff;K). 

This result is essentially a special case of [TI] Proposition 2.3]; see also [2l The- 
orem 4.8] for other equivalence conditions for the level to be finite. 

Let X be a simply-connected rational space. The result [22l Corollary 2.9] states 
that 

catX < leveljj^^^^'^J^^^^Q - 1. 

Moreover, a simple calculation made in [22, Example 6.4] allows us to conclude 
that if X is a simply-connected rational H-space with dim H* {X ; Q) < oo, then the 
above inequality turns out to be the equality. On the other hand, the inequality 
can be strict as we will see below. 

Example 1.7. Let X be an infinite wedge of spheres of the form y^S"". Then 
catXq = ca,tX = 1. By applying Corollary [L6] (1) to the case where idx X ^ X , 
we see that levelj^p^|^]^^^Q = oo. In fact, H^,{X; Q) is of infinite dimension. 

Corollary 11.61 (2) enables us to derive a result on the cochain type level from 
the totally fibred square construction. Roughly speaking, the result asserts that, in 
general, building finitely an object out of another is only possible in one direction. 

Proposition 1.8. Let tt : X ^ B be a map between simply- connected spaces with 
a right homotopy inverse s : B ^ X. We regard the map tt and s as objects in 
TOVb and TOV X , respectively. Then both of levels levelj^pl^^Jj-j^C*(X; K) and 

\eve\-^^^^^'^}^y.^C* {B\^) are finite if and only if H* {Ft^:K) ~ K. In particular, the 
both of the two levels with coefficients in Z/p are finite if and only if tt : X ^ B is 
a homotopy equivalence after p- completion. 

Let q : X ^ Bhe a, trivial fibration with H*{Fq\ K) finite dimensional. Then the 
C*(B;K)-level of C*{X;K) in T){C*{B;K)) is just one for any field K in general. 
In fact, we see that C*(X;K) = C*(B;K) H*[Fq-K) in D(C*(B;K)). This 
implies that C*{X\K) is a coproduct of shifts of C*(i?;K) and hence C*{X;K) is 
in thick]jj.p.^^.jj-j^ (C* (i?; K)). On the other hand, for a spherical fibration S*' 
X ^ B, we obtain a characterization for the C* {B; K)-level of C* {X; K) to be two; 
see Proposition [3?2] Combining the result with Proposition [TT5l we have 

Theorem 1.9. Let B be a simply- connected space. Suppose that there exists a 
sequence of fibrations 

Fi > Xi -^—^ B, F2 > X2 Xi, Fn > Xn Xn~l 

in which Xi is simply- connected for 1 < i < n and H*(Fi;K.) = _ff*(5"';K) for 
some Ui. Then one has inequalities 

levelo'Jc W)) ^* (X„ ; K) < 2" and 
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levelD(cl(aBic))^*(^^/;K) < 2" ■ dimH4B:K), 
where f — Pn ° ■ ■ ■ ° Pi- 

In the rational case, the result [HI Proposition 2.7] gives a better estimate of 
C*(B; Q)-level of C*(X„; Q) than that of Theorem [O] provide each n, is odd. 

An outline for the article is as follows. In Section 2, we prove Theorem 11.41 
Section 3 is devoted to proving Proposition 11.51 Proposition 11.81 and Theorem 11.91 
In Section 4, we recall results on a coderived category due to Lefevre-Hasegawa [23] 
on which we rely when proving Theorem 12.31 Moreover, the key result (Theorem 
12. 3p to proving Theorem 11.41 is compared with a variant of Koszul duality due to 
He and Wu [H]. 

2. Proof of Theorem 11.41 

As we will see below, for an object / in TOPb, we obtain quasi-isomorphisms 
which connect DG modules C*(s(/)) and Ci,{Ff) by making use of the bar and 
cobar constructions. In order to prove Theorem ll.41 we incorporate such the quasi- 
isomorphisms into arguments on appropriate derived and coderived categories. 

For a graded vector space V, we denote by the graded dual IIomK(y,IK), 
namely {V'^)^'^ — {V'^)k — HomK(V"'^, K). Let A be a connected DG algebra over 
]K with differential of degree +1 which is non-negative or non-positive. Throughout 
this article, we assume further that A is simply-connected; that is, — Q \i A \s 
non-negative. 

Let D(mod-A) denote the derived category of DG right modules over A. Let C 
be an augmented DG coalgebra over K and comod-C the category of cocomplete 
DG right C-comodules. We denote by D (comod-C) the coderived category of co- 
complete DG C-comodules, namely the localization of the category of the complete 
DG C-comodule at the class of weak equivalences; see [23] and also Section 4. 

We may write D(A) and D(C) for D(mod-A) and D (comod-C), respectively. 

Let F : comod-C — >■ C^-mod be a functor given by sending a cocomplete DG 
right C-comodule to the DG left C^ -module with the same underlying K- module 
and whose multiplication is given by the natural composite 

C"^ ® M ^ C"^ ® M ® C ^ ® C ® M M. 

Composing the vector space dual functor ( y with F ^ we have an exact functor 

tD : D(comod-C) — ^ D(C''-mod) -^-^ D(mod-C'^) 

from the coderived category to the derived category. 

Remark 2.1. Let C be a finite dimensional augmented coalgebra. The result [24l 
1.6.4] due to Montgomery allows one to deduce that the functor F : comod-C — >■ 
C^-mod mentioned above gives rise to an equivalence of triangulated categories. 

We deal with the bar and cobar constructions below. For the (co) algebra and 
(co)module structures of these constructions, see [S] Section 2], [H] Section 4] and 
[25] . We also refer the reader to [15] for differential graded objects. 

Let A be a DG algebra and consider the bar resolution M{A] A) — > of K. 
Let B(A) be a DG coalgebra defined by M{A) = K(S>a ]B(A; A). By using the 
twisted tensor product construction associated with the natural twisting cochain 
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A of degree +1, we have a pair of adjoint functors 
D(B(A)) ^ B{A). 

R: = -i»^M{A) 

For more details, see [25], [23l Ch. 2], [18] and also Section 4. We write Ra for 
the functor — (E)t M{A). The definition of the twisted tensor product allows one to 
deduce that Ra coincides with the functor — ^a B(A; A). 

Let i? be a simply-connected space and f : X ^ B a map. Recall from [8] 
Theorem II] a quasi-isomorphism of DG-modules 

(2.1) $ : n{C,iX); C,{B)) C,{Ff), 

which is compatible actions of r2C*(i?) and C*(f2i3) via a quasi-isomorphism of DG 
algebras 

(2.2) (j):nC^{B)^C^{VLB), 

where f2(C*(X); C*(i3)) denotes the cobar construction of the right CH.(-B)-comodule 
Ch.(X). We mention that the quasi- isomorphisms $ and are induced from the 
universal constructions due to Adams [1 ; see also '8i Section 3]. 

The singular cochain C*{X) is considered a C*(B)-module via C*{f). We 
observe that the dual {C^{Ff) ®c.(ob) M{C^{nB);C^{nB))y is a (K 
B(C,(r2B); C^{nB))y = B(C*(17B))^-module via the dual to the comodule struc- 
ture on the bar construction. Then the result [9] Theorem 7.2] enables us to obtain 
a commutative diagram of morphisms of DG algebras 

(2.3) C*{X) {C^Ff) ®c.(f2B) HC,{nB); C,{nB))y 

c*{B) ^ (K ®c.(os) B{a{nBy,a{nB))y 

in which horizontal arrows are quasi-isomorphism and l denotes the augmentation. 
In particular, the map can be regarded as a morphism of DG C*(i3)-modules. 
The duality on the bar and cobar constructions yields the following result. 

Proposition 2.2. There exists an equivalence 

e : D(fiC,(B)) ^ D(B(C*(B))'') 

of triangulated categories such that for a map f : X ^ B, 

Q{^{C.{X)- a(B))) = V>{C*{X)- C*{B)Y, 

where C,(X) is considered a C^{B)- comodule via the map f. 

Proof. Let u : A = TV ^> C*{B) be a TV- model for B in the sense of Halperin 
and Lemaire|13]. By assumption, H*{B) is locally finite. Then without loss of 
generality, we can assume that A is also locally finite. In fact it follows from [T51 
Proposition A.8] that V 7J,_i(rJB; K). 

Let A : C*{B) -> C,(B) ® C,(B) be the comultiphcation on C*{B). Then the 
multiphcation m : C*{B) ® C*{B) — > C*{B) is defined by the composite 

C*{B) ® C*{B) = CXBf C^{By ^ idB) ^ C,{B)Y ^ C^{By = C*{B), 
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where q' denotes the natural quasi-isomorphism. We have a commutative diagram 
^ ^ ^ ^ 1 ^ 

{C*{B)Y ^ {C*{B) (x) C*(B)Y ^-^ C*{BY ® C*{BY 

a {B) ^ a {B) ® c, [B), 

where q and q" are the natural quasi-isomorphisms. Indeed the commutativity of 
the lower square follows from that of the diagram 

{C*{B)Y ^ (C^B) ® ^1)1^ 
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C.{B) ® C*(i?)^ ® 

Observe that q" : ® —> {A ® AY is an isomorphism because A is locally 
finite. This implies that oq : C^,{B) — > is a quasi-isomorphism of coalgebras. 
We then have a sequence of quasi-isomorphisms of algebras 

(2.4) nc^B f^^^^'^ ri(A^) — ^^B(A)^ — '^m{c*{B)Y. 

Thus the result [191 Proposition 4.2] enables us to obtain equivalences of triangu- 
lated categories 

r>{nc4B)) , ^ ' D(r!(A^)) . ^ ' d(b(A)^) — d(b(c*(b))^). 

We define 6 : V){^C^(B)) ^ D(B(C*(B))^) by the composite. 

Let Ci C{X) be an A-semifree resolution for C*(X); see [H Propositions 
4.6 and 4.7]. Then Ci fits into the commutative diagram 

C*{X) C*{B) 
Ci^ A, 

where v denotes the natural inclusion. Since H*{X) is locally finite, we can assume 
that so is Ci; see [U Proposition 4.6]. Then we can define a comodule structure on 

by the composite c : — > (Ci ® AY ^ C^^A^. The same argument as 
above allows us to obtain a commutative diagram 

^ ® A^ 

^ t= 

C7* {X) ^ C^{X)®C^{B), 

in which vertical arrows are quasi-isomorphisms. Thus we have an isomorphism 
f)(CH.(X);a(B)) ^ pm{CX\A^) in D(f]C*(B)). Moreover, it follows from the 
locally finiteness of C\ and A that J7(C^; A^) is isomorphic to \i{{^(G\\ A)'^ ) and 
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that ^xl{M{Ci;Ay) = B(C*(X); C*(B))^ in D(B(C*(B))^). This completes the 
proof. □ 

We have a crucial result on exact functors which connect the triangulated cat- 
egories D(CH.(r2i3)) and D{C*{B)). The result is a key to proving the duality on 
(co) chain type levels described in Theoreni ll.4l 



Theorem 2.3. One has commutative diagrams 

C.(i=^(^) ____ TOVb 




C.(F(_,) 



_cr(^(-)) 



D(B(C*(f]B))^): 



TOVb ^_c-(.(-)) 




iC*{B)r) 
D{nC4B)) 



tD 



■D(B(C*(B))) 



■B{C*iB)), 



-•s>tic,(B)C,{nBT 
in which all the functors between derived categories are exact. 



Proof. Let f : X 
deduce that 



B be an object in TOVb- The diagram (2.3) allows one to 

= C*{X) 



rotDo Rc,(nB){C,{Ff))) = {C,{Ff) ®c.(^b) M{C*{^B)- C,{nB))) 

in D{C*{B)). We see that the first diagram is commutative. 

By definition, we have tDoRc*i^B)C* (X) ^ B(C*(X); C*(B))^ in D(B(C*(B)^). 
The quasi-isomorphism $ : fl{C^,{X);Ct:{B)) ^ C^{Ff) mentioned in (2.f) yields 
that 0*(C,(i^/)) ^ r2(C,(X); C^{B)) in B{nC.,{B)). Then it follows from Proposi- 
tion 12.21 that the second diagram is commutative. □ 



We write rjs and va for the composites ip* o tD o Rc,{nB) a-nd tD o Rc*{b) in 
Theorem 12.31 respectively. 

[c-(B) and i^a{C*{B)) = 
= C*{B) and z^a(IK) = 



Remark 2.4. We observe that r]s{C*{VtB)) = ■4)*otD{K) = I 
Q o (/)*(IKc^(OB)). Moreover it is readily seen that r/f (K) 



eo<j)*{c4nB)). 

In order to prove the main theorem, we recall certain results on the level. 

Lemma 2.5. [221 Lemma 3.9] Let M be a DG-module over A. Assume that M is 
bounded below if A is non-negative and is bounded above if A is non-positive. Then 

dim H{M ®A K) > levelD(^)(Af). 

The difference between the dimension of H{M (g)^ K) and the level is also in our 

which we 



interest. In general, the difference is very large. The proof of Lemma 
provide below exhibits the fact. 

Proof of Lemma [KR If dimi? (M 0^ K) = oo, then the assertion is immediate. 

By assumption, the module M admits a minimal semi-free resolution F ^ M 
endowed with a filtration {F'}i>o of F; see [7], [TU] and P Section 2] . We thus 
obtain triangles IJ»S"'A F^ ^ 1J, S"^'a ^, ^ ^ U, 
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pn 1 _^ pn _^ jj^ j^Kj ^ .... The minimahty of the semi- free resolution enables 
us to deduce that 

H{M (g);^ K) = H{F ® a K) = F ® ^ K = ]J ]J S"?K. 

s>0 ] 

Suppose that dimiJ(Af (g)^ K) is of finite dimension. Then it follows that there 
exists an integer n such that ~ M and each index j runs in finite numbers. 
Thus we see that M e thickp|^^ (^). If = for any j and s, then M ~ and 
hence the result is obvious. Without loss of generality, we can assume that for any 
s, Uj S"j A is non-trivial. We then have 

n 

dim H{M K) = dim ]J ]J S^°K > n + 1 > level^A) (M). 

s=Q j 

This completes the proof. □ 

Let 7 : 7" W be an exact functor of triangulated categories. The exactness of 
the functor induces the following result. 

Lemma 2.6. 2, Theorem 2.4 (6)] level^(M) > levelJ^^'^^(7(Af)). 

We are now ready to prove our main theorem. 

Proof of Theorem\r^ It follows from [TOl Proposition 19.2] that B(C*(f)B); C^flB j) 
is a C* (r^i?)-semifree resolution of K. Then the result Proposition 6.7] yields 
that 

By virtue of Lemma 12.51 we have the first inequality. 

Let Ff Ex B he the fibration associated with the map f : X B. Since 
there exists a homotopy equivalence j : X Ex which is in TOPb, it follows 
that, as vector spaces, 

H*{C*(X) K) ^ Torc.(i3)(C*(X),K) ^ Toyc'^b){C* {Ex),K) ^ H*(Ff). 

Observe that the third isomorphism is induced by the Eilenberg-Moore map; see 
for example [T^l Theorem 3.3]. By applying Lemma [2.51 again, one has the second 
inequality. 

It follows from Lemma 12.61 the first diagram in Theorem 12.31 and Remark 12.41 
that 

^^^^^Bic"nB))iC*iFf)) > \evel^^c'(B)){C*{X)). 
The second diagram in Theorem 12.31 yields the converse inequality. The same 
argument as above works well to obtain the equality in (2). □ 

3. Proofs of Propositions 11.51 11.81 and Theorem 11.91 

We here recall some full subcategories of a triangulated category T before proving 
Proposition Proposition [TT5j 

Let ^ be a subcategory of T and add^ {A) the smallest full subcategory of T that 
contains A and is closed under finite coproducts, all shifts and isomorphisms. The 
category smd(yl) is defined to be the smallest full subcategory of T that contains 
A and is closed under retracts. For full subcategories A and B of T, let A* B be 
the full subcategory whose objects L occur in a triangle M ^ L ^ N ^ EM with 
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M <^ A and TV e S. Then we see that thick^(C) = smd(add^(C)*"); see [5] and 

[a 2.2.1]. 

We give a triangular inequality on levels. 

Lemma 3.1. (c/. |2H1 The proof of 6.3.2(3)]) Let T he a triangulated category and 
C, C objects in T- Iflevel^M < n and level^ C < I, then level^ M < nl. 

Proof. It suffices to prove that if M e thick^(C) and C G thick!^(C"), then 
M G thick^'(C"). 

Since the thickening thick!^(C") is closed under finite coproducts, all shifts 
and retracts, it follows that add^(C) C thick?^(C") and hence thick^(C) C 
thick!^(C"). Assume that thick^(C) C thick^(C") for i < n - I. For any 
object M e thick^(C), there exists a triangle Mi M' A/2 SMi such that 
M is a retract of M', Mi e thick!p^(C) and M2 G thick^(C). This yields that 

M G smd(thick^"^^(C) =(=thick^(C)) 

C smd(smd(add^(C")*'""^^') * smd(add^(C")*')) 
= smd(add^(C")*^"~^'' * add^(C")*') 
= thick^'(C"). 

Observe that the first equality follows from [51 Lemma 2.2.1]. This completes the 
proof. □ 

Proof of Provosition l 1 . 3[ Lemma |3. II and Theorem II .41 induce the inequalities. In 
fact, we see that 



< level 



BiCHB))iC*iB)) ■ levelj3%(^],))(C*(X)) 



le^<c!;ol)) W • levelij;(^],))(C*(X)) 

C'{B) 



< dunH^B) ■ levelj,y.^^))(C*(X)). 



We here observe that C^{Fid) = K in D(C*(r2i3)) for the homotopy fibre Fid of the 
identity map on B. The second inequalities follow from the same consideration as 
above. Observe that the based loop space ilB is the homotopy fibre of the map 
*^ B. □ 



Proof of Proposition \1.8[ By replacing the square 

B '-^X 

^ i- 

B — ^^B, 

which is homotopy commutative, to a totally fibred square, we have a commutative 
diagram 

B '-^X 

QF^ ^ B' ^ X' 

in which ii and t2 are homotopy equivalences and bottom sequence is a fibration; 
see [2ni Propositions 3.2.2 and 3.2.3]. The map ti gives rise to an equivalence 
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C*{ii)* : D{C*(X)) D{C*{X')) of triangulated categories. It is immediate that 
C*{ii)*{C*iB)) = C*{B'). This yields that 

leveljj;i^2'))^*(^') = levelD%l'[i))C*(i?). 

In view of the Leray-Serre spectral sequence of the fibration VIFt^ PF-^ F-^, 
it follows that H*{F^;K) K if and only if H*{nF^;K) and H*{F^;K) are of 
finite dimension. Observe that F^^ is simply-connected since tt has a right inverse. 
By Corollary 1 1.61 (2). we have the result. □ 

Before proving Theorem 11.91 we consider a special case for the assertion. 

Proposition 3.2. Let F ^ X ^ B be a fibration with B simply- connected. Sup- 
pose that H*{F;M.) = H*{S'';]K.) as a graded vector space. Then one has 

Moreover, levelj3^^l^i^ij))C*(X; K) = 2 if and only ifH*{X; K) is not a free H*{B; K)- 
module. 

The following lemma serves to prove Proposition [321 

Lemma 3.3. Let X ^ B be an object in TOPb- Then levelQ^p.^^^^C* (X) = 1 if 
and only if H*{X;'K) is a free H*{B;K)-module. 

C ( B) 

Proof. Suppose that levelp, 

(c-(B))C*(^) = 1- Then by definition, we see that 
C*{X) is a retract of a free C* (i?)-module. Therefore H*{X) is a projective H*{B)- 
module and hence H*{X) is a free i/*(i?)-module; see 10, page 274 Remark 1] for 
example. 

We see that levelo^^^f^^))7J*(X) = 1 if H*{X) is a free iJ*(B)-module. The 
result [221 Corollary 7.3] implies that levelj^p,^^^jC*(X) is less than or equal to 

H ( B) 

levelp^^.^^^jif*(X). This completes the proof. □ 

Proof of Proposition \3.2i Let Si be the homotopy fibre of the projection X B. We 
observe that H*{Si;K) = H*{F;K) = H*{S^;K). By virtue of Theorem [rii;2), to 
prove the proposition, it suffices to show that ^e've\Y)(^c,{nB)} 

C*{Si) < 2. We define 

a DC subalgebra R of C^nB) by Ro ^ K, Ri ^ Kei d and R>2 = C>2{^B). It 
is immediate that the inclusion i : R ^ C^{flB) is a quasi-isomorphism. Then the 
map i induces an equivalence of categories i* : D(C*(rii?)) — >■ D(i?). Then we have 
i*{K) = K and i*{C4Si)) = C^Si). Therefore we conclude that 

levelj3^c'.(os))C*('5'i) = \eve\j^^c,(B))C^*iSi)- 

Let be a DC i?-submodule of (7,(5*;) defined by iV<;-i = 0, iV; = Im d and 
Ni = Ci{Si) ior i > I. Since N is acyclic, it follows that the projection C\{Si) 
C,:{Si)/N is a quasi-isomorphism of i?- modules. Moreover, we can construct a 
triangle in D{R) of the form E^'K C^{Si)/N — > IK — > . In fact, the projection 
from the quotient (C*(5'i)/iV)/E~'K to K is a quasi-isomorphism of i?-modules. 
Then the triangle yields that leveli^^)C*(5'i) = levelif(^)C*(5';)/A^ < 2. We have 
the result. The latter half of the assertion follows from Lemma [3.31 □ 



12 



KATSUHIKO KURIBAYASHI 



Remark 3.4. We can prove Proposition 13.21 bv using a minimal semifree resolution 
r 4 C*{X) of C*{X) as a C*(B)-module. Indeed, we see that 

H*{K (E>c.iB) r) = H*{K ®^c'(B) C*{X)) = H*{S') = K{1, 

where degl = and degw = /. This implies that the filtration of F has class at 
most 2; see [H 4.1]. Proposition 13.21 follows from f2] Theorem 4.1]. 

We use again Lemma [01 to prove Theorem ll.91 

Proof of TheoremlTE Consider the maps C*{B) 4 C*(X,) C*{X,+i), where 
C( = (Pi ° ' ' ' ° Pi)* ■ Then the map a induces an exact functor a* : D{C* (Xi)) — 
D{C* (B)). By virtue of Proposition 13.21 and Lemma we have 

2 > levelD%l'f3^^))C*(X,+i) > lcve^;T(i-^)^a*C*(X,+i) = leYel^^^.]'^'^;^ C* {X,+^). 

Therefore Lemma 13.11 and the induction hypothesis allow us to deduce that 

levelD%l^],))C*(X,+i) < leve\^^c%^a*C*{X,) ■ level^fJl^gj^C^lX.+i) < 2* • 2. 

We have the first inequality. The second inequality follows from Proposition 11.51 

□ 

4. A VARIANT OF KOSZUL DUALITY FOR DG ALGEBRAS 

In this section, we describe a result concerning Theorem 12.31 which is regarded 
as a variant of the Koszul duality for DG algebras. 

We begin by recalling briefly the result on a coderived category due to Lefevre- 
Hasegawa 

Let {A,dA,£A) and {C,dc,ec) be a augmented DG algebra and coaugmented 
DG coalgebra over a field K. By using the kernel C of the counit of C, we have 
a decomposition C = C (X) K. There is a coproduct A : C ^ C defined by A (a;) = 
A(a;) — x®l — liS^x. We say that a coaugmented DG coalgebra is cocomplete if 

C = U;>iKer (A ' : C — ^ C'*'"''^), where A ' is the iterated coproduct defined by 

A^'^ = (A (g) l^'-i) o • • • o (A (X) 1) o A. By definition, a twisted cochain t : C ^ A 
is a K- linear map of degree +1 such that SA°Toec = and 

dA o T + T o dc + HA ° {t <E) t) o Ac = 0, 

where fXA and Ac are the multiplication of A and the comultiplication of C, respec- 
tively. Let M be a right DG module over A. Then we defined the twisted tensor 
product M (E)r C to be the comodule M (E) C over C endowed with the differential 

d ^ dM <E) 1 + I (E) dc ~ {fiM <E) 1)(1 ® t (g) 1)(1 (g) Ac). 

For a DG comodule N over C, we define the DG module N A similarly. Let 
Aat be the comodule structure of a DG comodule TV over C. We say that N is 

cocomplete if iV = U;>iKer (A^' : N N igiC^''), where AAr(a;) = Ajv(a;) - a; 1 

for X E N and A^ denotes the iterated comodule structure defined by the same 
way as the iterated coproduct on C. 

Let C be a cocomplete DG coalgebra and tq : C — J> ftC the canonical twisting 
cochain. Then the category ComcC of cocomplete DG comodule over C admits the 
structure of a model category for which f : N ^ N' is a weak equivalence, by 
definition, if and only ii f^l : N ilC —> N' i^ro is a quasi- isomorphism. For 
the details, see j23l Theoreme 2.2.2.2]. Observe that / is a weak equivalence, then / 
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is a quasi-isomorphism. This fact follows form ^ Proposition 2.14]. We define the 
coderived category D(C), which is a triangulated category, to be the localization of 
the category ComcC at the class of all weak equivalences. 

Theorem 4.1. [23, Lemma 2.2.1.2, Proposition 2.2.4.1] Let t : C A be a twisting 
cochain. Then one has adjoint functors 

between triangulated categories. 

Theorem 4.2. p3l Proposition 2.2.4.1] The following are equivalent. 

(i) The map r induces a quasi-isomorphism f2(C) — > A. 

(ii) The canonical map A >S>t C ®t A ^ A is a quasi-isomorphism. 

(iii) The functor L and R in Theorem \4.1\ are equivalences. 

Let be a finite dimensional, non-negatively graded vector space with V°'^'^ = 0. 
Let SV be the polynomial algebra and AJ^V the primitively generated coalgebra 
with the underlying space is the exterior algebra on T,V. Then the projection 
from ATiV to "SV and the inclusion form V to SV give rise to a twisting cochain 
T : ATiV — > SV. Thus we have exact functors between derived and coderived 
categories 

L: = -®^SV 

D((AET/)^-mod) - ^ B{AY:V) ^ BiSV). 

B-. = -i»^A^V 

Here F denotes the functor introduced in Section 2. 

The existence of the two-sided Koszul resolution (see for example [1]) implies 
that the functor R gives an equivalence with inverse L. Indeed this follows from the 
equivalence of the assertions (ii) and (iii) in Theorem l4.2l Moreover, since the vector 
space V is of finite dimension, the functor F is also an equivalence between D{AJ^V) 
and D((ASl/)^-mod); see Remark |2. II Let r/ denote the composite functor F o R. 
Then we see that for any object M in D{SV), 

(4.1) level4^^) (M) = levelD^(^sy)v.™od) iv{M)) 

Observe that r]{SV) = F{SV (S)r A^V) ^ F(K) = K. This equality plays a crucial 
role in proving [S} Theorem 7.1] and 0] Theorem 8.4]. 

More generally, the proof of [HI Theorem 4.4] enables us to deduce the following 
result. 

Theorem 4.3. (c/. ^ Theorem 7.4], [H Theorem 4.7] ) Let A be a locally finite, 
simply- connected DG algebra over a field K. Suppose that the dual (MA)'^ to the 
bar construction is formal in the sense that (BA)^ admits a TV -model TV ^ 
{MAy together with a quasi-isomorphism TV ^ i?((BA)^) = Ext^(K, K). Assume 
further that Ext^i (K, K) is of finite dimension. Then one has equivalences 

h 

D(ExtA(]K, IK)-mod) , ~ ' D(A) 

t 

of triangulated categories for which t satisfies the condition that t{K) = ExtA(IK., K)^ 
and t{A) =Kin D(ExtA(K, K)-mod). 
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Let A be a DG algebra as in Theorem 14.31 Then it fohows that for an object M 
in D(A), 

(4.2) level4^)(Af) = levelD%,t^(K,K)-mod)(t(M))- 

Moreover, in Example 14.61 below, we will see that Theorem 14.31 recovers (4.1). 

Proof of Theorem \4.3\ Since A is simply-connected and locally finite, it follows 
that the bar construction is also locally finite. Thus we can assume that for the 
TV-moAel TV ^ (BA)^, the graded vector space V is locally finite; see the proof 
of Proposition 12.21 Then the sequence of quasi- isomorphisms 

E ExtA(]K,K) = H{{MAY) ^ TV ^ {MAY 

of DG algebras induces a sequence of quasi-isomorphisms 

niE"") ^ niTV"") ^ ^{{MAy) ^ Q.{MA) ^ A 

as DG algebras. Thus we have equivalences 

T)mE'')) —^ T){A) 

a 

of triangulated categories for which /3(A) ~ 51 (i?^) and /3(IK) = K. The canonical 
twisting cochain tq : E'^ — )• 17 (i?^) induces the identity map £L[E^) — > f](_B^). By 
Theorem 14. 2[ we have equivalences 

L 

D(comod-(i;^)) ~ ^ V)(Sl{E^)). 

fl=-®n(EV)B(a(_B^);n(£;^)) 

Since E'^ is a finite dimensional coalgebra by assumption, it follows that the functor 

F : D(comod-(i;'')) ^ D(£;-mod), 

which is defined in Section 2, gives an equivalence of triangulated categories; see 
Remark 12.11 Then one has an equivalence t := F o Ro (3 : D{A) — > D(£'). It is 
readily seen that t{K.) = E^ and t{A) = K. This completes the proof. □ 

Remark 4.4. Let A be a Koszul DG algebra in the sense of He and Wu 14 . Then 
all the assumptions in Theorem 14.31 for A are satisfied provided K is a compact 
object in D(A); see PTJ", Theorem 3.5]. Indeed part of the proof of Theorem 14.31 is 
essentially the same as that of [14, Lemma 3.7]. 

In Theorem 14.31 we do not use a Koszul object in the starting point but the 
derived categories are not restricted. However the theorem certainly connects a 
DG algebra with its Ext-algebra. Thus we may call Theorem 14.31 a variant of the 
Koszul duality. 

The following proposition provides examples of DG algebras which satisfy the 
assumptions in Theorem 14.31 

Proposition 4.5. Let E he a non-positively graded, connected DG algebra; that 
is, — K and E^ — for i > 1. Suppose further that E is formal and of finite 
dimension. Put A — f2(£'^). Then the algebra [MAY formal and H{(MAY) = 
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Extyi (K, ]K) = H{E) as algebras. In consequence, the DG algebra A satisfies all the 
assumptions in Theorem \4.3\ Thus one has equivalences 

h 

T){H{E)-moA) , ~ ' D(r2(£;^)) 
t 

of triangulated categories for which t{n{E'^)) — IK and t{K) = H(E)'^ . 

Proof. Since i? is a finite dimensional DG algebra, it follows from [8l Proposition 
2.14] that there exists a quasi-isomorphism a : E'^ ^> MA = Mri{E'^) of coalgebras. 
Let ri-.TV {Mn{E'^)y be a TV-model. We then have a sequence 

E ^ E'''' < - TV ~ } {MA)'' 

of quasi-isomorphism of DG algebras. By assumption, the DG algebra E is formal. 
This enables us to obtain quasi-isomorphisms H{E) 4^ TW E. The lifting 
lemma [S] Lemma 3.6] yields a quasi-isomorphism TV H(E) of DG algebras 
and hence (BA)^ is formal. □ 

Example 4.6. Let E be an exterior algebra A(a;i, a:„) generated by xi, x„, 
where — degx^ is odd for any i. We have an isomorphism H{^}{E'^)) = H{{ME)'^) = 
Tor£;(K,K)^ of algebras which sends the cycles (x^) to [a;^]^. Moreover it follows 
that there exists an isomorphism 

7/ : Tor£;(K,K) = H(ME) 4 T[sxi, ...,sxn] 

of coalgebras such that ?7([a::i]) — sxi, where degsxi — dega;^ — 1 and r[sxi, ...,sa;„] 
denotes the divided power Hopf algebra with the comultiplication /S.{'~fi{sxj)) — 
J2k+i=j lii^^j) ® lk{sxj); see the proof of [20', Lemma 1.5]. Thus we see that the 
algebra H{il{E'^)) is isomorphic to the polynomial algebra K[ SX-^ ^ ''*7 

Y,], where 

degsx^ = — degXi-l-l. Since the algebra is free, it follows that there exists a 

quasi-isomorphism 6 : fl{E'^) K[sxi , sx^] of algebras such that 9{{x^)) = sx^ 
for i. This implies that is formal. Therefore Theorem 14.31 and Proposition 

14.51 allow us to obtain equivalences 

h 

D(A(xi, x„)-mod) , ~ ' D(K[sa;i', sx^]) 

t 

of triangulated categories. This result is a generalization of 2, Theorem 7.4]; see 
also [m Section 4] . 

We conclude this section with a comment on Theorem 11.41 

If we take C*{B) as the algebra A in Theorem then the dual {BA^ is 
connected to C*(0i3) with quasi-isomorphisms in (2.2) and (2.4). Then one might 
regard the equalities in Theorem ll.4l as specialization of the equality (4.2) . However, 
we emphasize that, in the proof of Theorem ll.4[ neither the formality of DG algebra 
C^,{flB) nor the finiteness condition on H^:{^B) — Ext(7»(s)(lK, K) is assumed. 

We also expect that the diagrams in Theorem 12.31 are of great use when consid- 
ering relationships between appropriate homological and topological invariants. In 
fact. Theorem 12.31 asserts that the image of TOV b by C»(i^(_)) is equivalent to 
that of TOV B by C*(s(-)) as a category. 

Acknowledgments. The author would like to thank Jim Stasheff for his interest in 
this work and for comments on Theorem l4.3l 
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